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Abstract 

In this paper, the author has considered the hyperbolic Kahler-Ricci flow in- 
troduced by Kong and Liu [11], that is, the hyperbolic version of the famous 
Kahler-Ricci flow. The author has explained the derivation of the equation and 
calculated the evolutions of various quantities associated to the equation including 
the curvatures. Particularly on Calabi- Yau manifolds, the equation can be simpli- 
fied to a scalar hyperbolic Monge- Ampère equation which is just the hyperbolic 
version of the corresponding one in Kahler-Ricci flow. 
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§1 Introduction 

Recently, a new flow on Riemannian manifolds is introduced by Kong and Liu( [11], 
[10], [5]): 

d 2 

This is the hyperbolic version of the famous Ricci flow. They studied its short-time 
existence in compact case, derived evolutions of curvatures which have wave character. 
A dissipative flow was also considered in [6]. One remarkable result is [12], in which the 
authors proved that on compact surfaces with metric depending on one space variable, 
the flow has a global solution if the initial velocity is large enough. So given an initial 
metric, the geometrie surgery can be replaced by choosing suitable velocity to allow 
the long-time existence. However, the evolutions of Riemann curvature, Ricci curvature 
and the scalar curvature are very complicated which contain the first-order derivative 
of time that is hard to control. In this paper, I consider its complex version which is 
also introduced by Kong and Liu in [11]: 

9 a /3 ~ n ap- 

As we will see on Calabi- Yau manifolds, it can be reduced to a scalar (complex) hy- 
perbolic Monge- Ampère equation which is much easier to handle. The flow considered 
here can also be regarded as the hyperbolic version of Kahler-Ricci flow: 

8 a -- R - 



In the past several decades, nonlinear partial differential equations played important 
role in differential geometry. For example, the resolutions of Calabi's conjecture [19] and 
Poincaré's conjecture [1] [13] [15] [16] [17] are due to the methods of geometrie analysis 
and the elliptic and parabolic type of equations are intensively studied. However, the 
hyperbolic equations have been ignored for a long time. For the elliptic and parabolic 
equations, we have the powerful tool the maximum principle which cannot be applied to 
hyperbolic ones. This lack of practical tool may explain the reason why the research of 
hyperbolic equations on manifolds are not as active as the other two types. However, 
Perelman [15] [16] [17] introduced several powerful tools into the study of flow like 
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the energy functional, the monotonicity formula, and the space-time geometry. In the 
Euclidean space, these methods are available for hyperbolic equations. So I believe we 
can refer to Perelman's methods to study nonlinear hyperbolic equations on manifolds. 

Hyperbolic equations are important in physics especially in general relativity. The 
famous Einstein's equation has been studied for a long time. In fact, as illustrated 
in [11], the hyperbolic version of Ricci flow is closely related to Einstein's equation. So 
I hope, by studying the wave character of manifolds through hyperbolic equations, we 
can better understand the basic structure of the universe. There is already some work 
on wave equations on Lorentzian manifolds which catches more interest from Physicists. 
Although wave equations on Riemannian manifolds are also considered, the results are 
few and have a more analytic style that its influence on curvature are not considered. 
In my opinion, analyzing wave equations on manifolds from a more geometrie viewpoint 
so that it may give more help to understand the geometry and topology of manifolds. 

Let (A4 n ,<7, J) be a complete Kahler manifold, where g is the metric depending 
on time and J is a fixed complex structure. The hyperbolic Kahler-Ricci flow is the 
following evolution equation 

d 2 

Qp9i] = -Ri] (1-1) 

for a family of Kahler metrics g^it) on A4™. A naturai and fundamental problem is 
the short-time existence and uniqueness theorem of (1.1). We will see as in the case of 
Kahler-Ricci flow, the evolution equation of metrics can be simplified to a scalar evo- 
lution equation. In the present paper, I also derive the corresponding wave equations 
for various geometrie quantities. 

Theorem 1.1. Let (Ai n , g®j(z)) be a compact Calabi-Yau manifold with g^j(z) a 
Kahler metric. Then there exists a Constant h > such that the initial value problem 

^i9i](z,t) = -R fj (z,t) 
g fj (z,0)=g°- j (z), &g i3 (z,0)=gl(z), 

has a unique smooth solution g-j on A4 x [0, h] and g^^Zjt) remains Kahler for any 
t > as long as the solution exists and the initial velocity must satisfy [ 0)] = 

where u>(z,0) is the Kahler forni of gMz,tì). 
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Similar to Kahler-Ricci flow, I will derive the corresponding wave equations for the 
curvatures. 

Theorem 1.2. Under the hyperbolic Kàhler- Ricci flow (1.1), the Riemannian cur- 
vature tensor, Ricci curvature and scalar curvature satisfy the evolution equations under 
a unitary coordinate 

d 2 

~QfiRijkl — ^R^ijkl + RiàfllRajkp ~ RiàkpRajfil + Rij(3àR a f3kl 
1 

— 2^ Ria R a jkl + RajRiàkl + RkaRfjal + RalRìjka) 



d 2 I d d 

-Q^Rìj — ArRìj + RìjkiRik - RìkRkj - 2(-7^g k i, T^RijM 



nqkly- I 9 ^ - ( 9 



<9 2 

—ri? = Ai? + liiLfll 2 + A 



at 2 







+2Rk ^di 9nfh l\df 



d 
d 



d d 
2{ di 9a ^¥t^ 



r-s\9 rih 9 nl L 



HereA R = \{V p V- p + Vf7p). 

Particularly, on Calabi- Yau manifolds, the flow cari be reduced to a hyperbolic 
Monge- Ampère equation: 



= logdet^(z,t) -logdet^(z,0) - f 
ip(z, 0) = (f (z), 0) = <p!(z) 



(3.2) 



where 



9 a a(z,t) =g a g(z,0) + 



d 2 ip 

dz a dzP 



(z,t). 
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The paper is organized as follows. In Section 2, I will review briefly some basics 
in Kahler geometry. In Section 3, I will discuss the derivation and basic facts about 
hyperbolic Kahler-Ricci flow in detail. In Section 4, evolutions of various geometrie 
quantities including the curvatures will be derived. 

Acknowledgement. The author thanks Professor De-Xing Kong and Professor Ke- 
Feng Liu for their helpful suggestion without whose help, the come out of this paper is 
impossible. The author also thanks Wen-Rong Dai and Xiao-Feng Sun for their useful 
discussion. 



I state some basic facts about Kahler geometry that will be used in this paper. For a 
thorough study of Kahler geometry, [9] [14] [18] [20] are good choices. Let Ai n be an 
n-dimensional compact Kahler manifold. A Hermitian metric is given by 



§2 Basic Kàhler geometry 



9 = Y,9apdz a ®dz /3 . 



Its associated Kahler form is 




The Kahler condition requires that u is a closed positive global (1, l)-form. 
The Riemann curvature is locally given by 



'ijkl 




p,q=l 



and has the symmetries 



hyperbolic Kàhlcr-Ricci How 



6 



The Ricci curvature is definecl by 

Ri] = 9 H Rfjkh 

and locally we have 

d 2 logdet(g fc/ -) 
ij iìrjiìrj 

The associated Ricci forni is 



2 

It is a real closed (1, l)-form and represents the first Chern class. The scalar curvature is 



R = g l3 R 



v ■ 



Given a Kahler metric, there are some other important quantities. The nonzero 
Christoffel symbols are given by 

i=i i=i 

The volume form is 

d/x = ^ = (V=T) n det(^j)^ 1 A dz 1 A • • • A dz n A dz 11 . 
The average scalar curvature is 



Finally I give an important lemma which is a consequence of the Hodge decompo- 
sition thcorcm. 
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Lemma 2.1(9(9— Lemma). Let M n he a compact Kahler manifold. If a is an 
exact real (l,l)-form, then there exists a real-valued function tp on M. n such that 
^/^Iddif) = a. That is, 

92 l- 

where a = y/^Ta a pdz a A dz 13 and = ap a . 

Proof. This is a standard result in the theory of Kahler manifolds, see [20] for 
example. 

□ 



§3 Hyperbolic Kahler-Ricci flow 

In this section I will discuss the hyperbolic Kahler-Ricci flow and its equivalent for- 
mulation as a single hyperbolic Monge-Ampère equation. For the Kahler-Ricci flow 
theory, please see [4]. I also suggest reader to read Hamilton's papers for more details 
about Ricci flow [7] [8]. The book [3] is also a good choice. 

Given a compact complex manifold M n , consider the hyperbolic Kahler-Ricci flow 
equation 

for a 1-parameter family of Kahler metrics, which is obtained from the Ricci flow by 
dropping the factor of 2 with respect to the convention. On a Calabi- Yau manifold, 
the first Chern class vanishes, so [p] = 0. Under this condition, from the dd — Lemma, 
the Ricci tensor has a potential, i.e. 

R*0 = VaV^/, 

where f(z,t) is a function defined on the manifold. 
Assume 



9 a p{z, t) = 9 a p{z, 0) + V a V0<p(z, t), 
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where ip(z, t) is a function on the manifold, since we have 

Refi® = -VaV^logdet^O) + ^|). 

Hence 

d 2 io(z t) d 2 

V.V^ ^ = W 9 o ^(z,t) = -R^(z,t) = (R a$ (z,0)-R a$ (z,t))-R a$ (z,0) 

So on Calabi- Yau manifolds, the hyperbolic Kahler-Ricci flow equation is equivalent 
to the following hyperbolic (scalar) complex Monge- Ampère equation due to the max- 
imum principle for compact manifolds: 

Q2 det ( 9°s + dz-YQzS 

^ = 1 ° g det^- ' -fo + °i(t) 

for some function of time c\ (t) satisfying the compatibility condition 

here the Volume Vo/(A^ n ) is under the metric g a p(z,t). Further, by a time-dependent 
translation of ip(z,t), we can drop the factor ci(t). 
Further we have 

g^9 a 0{z,O) = V a V —ip(z,O), 

So we can let [-^uj(z, 0)] = 0. 

From the hyperbolicity and short time existence and uniqueness of our hyperbolic 
Monge- Ampere equation, we have proved the Theorem 1.1. 

Next let us consider the normalized flow which is also studied in [11] in the real 
case. Choose the normalization factor 92 = ip(t) (Note: this has nothing to do with the 
ip above), 



9fj = V 2 9ij 
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sudi that 

dV = 1, 



/ 



and choose a new time parameter 



t= <p(t)dt. 



ÌM r - 

Noting that for the normalized metric g^, we have 



Thus 

dgfj dg fj dip 



= -Rij + a-gf + bgfj, 
where a and b are certain functions of t. 



Next let us consider the following hyperbolic system 

¥>(z, 0) = ^0(2), 0) = (^i(z) 



where 



d 2 ip 
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Let 



We get 



So 



d 2 v _ d f d 2 ip \ _ _d_ 

dz a dz? ~ ~~dt\dz a dzP) ~ ~di 9a0 ' 



d d d 

- --(logdet^) + — (logdeta^) - 

- 8 a - 

y dz a dz> 3 
= Av, 



thus we have 

Note that the Laplacian operator here is time-dependent so the equation is genuinely 
nonlinear. 



§4 Evolutions of geometrie quantities 

The hyperbolic Kahler-Ricci flow is a hyperbolic evolution equation ori the metrics. The 
evolution of the metrics implies nonlinear wave equations for the Riemannian curvature 
tensor Rfj^j, the Ricci curvature Rfj and the scalar curvature R which I will derive. I 
also derive the evolutions of some other quantities in this section. For the evolutions 
which are similar to those in this section associated to Kahler-Ricci flow, please cite [4]. 

Let Ai n be an n-dimentional compact Kcihler manifold. Let us consider the hyper- 
bolic Kahler-Ricci flow on J\A n , 
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Qp9ij(z,t) = -R fj (z,t). 
Proposition 4.1(Riemannian curvature tensor). In a unitary frame, 

&RR i j k i + RiàpiRajkf} ~ Riàk(3R a j(3l+ Rij/3aR a {3kI 
- ~ {RiaR a jkl + RajRiakl + RkaRijal + Ral^ìjka) 

+W.(|«.)vr(!«) 

The above formula also holds in arbitrary holomorphic coordinates if repeated indices 
are contracted via the metric. Le., if RiàpfRajkp * s replaced by g ia g 135 RiaplR-yjkS > e ^ c - 

In the Kahler case, it is sometimes convenient to compute locally in holomorphic 
coordinates in terms of ordinary derivatives. The following lemma translates these or- 
dinary derivatives to the covariant derivatives, [4]. 

Lemma 4.2(Relation between ordinary and covariant derivatives). Let r] 

be a closed (l,l)-form. Locally it is represented by ì] a p, which is Hermitian symmetric. 
Let r/ a/ g 7 j denote the covariant derivatives and i] a ^ denote dz ® dz s Vaj3 ■ Then at the 
center x of normal holomorphic coordinates 

V^yS^a = V^Sfla + ^1 sbafisi ■ 



Qj-2 ^jkl 



Proof. 

= dpdaVjS ~ {dpT £ ai )r] £ - 5 - T £ ai (d^r] eS ) 
In the above calculation, we use the fact that n is closed so V Q ?? 7 e = dpT] £ $ = 0. The 



hyperbolic Kàhlcr-Ricci How 



12 



second formula is the conjugate of the first. 

□ 

Proof of Proposition 4.1. Recali that 

d 2 g fj " nPQ - dg iq dg p] 

p,q=l 

This implies that, in a normal holomorphic coordinate system centered at any given 
point 

d 2 d 2 ( \ ( d \ ( d ~\ 

= V k VjR t] - RiaR a]k i + 2<T~V fc [^g^ V r ( J^ pJ ) ■ 
The proposition follows from the following two identities: 

VfcVf.Rjj = V k VjRf jl3 p = VkVpRfjpj 

= V ^ V ' pRfjkl — Riakf5^a]f3l + ^ajk^iafl 

and 

VpVpRfj k ì = VpVpRfjù + Rià0pR a ]ki - R a ]i3p R iàkT 
Recali that A R = \{V p + VgV/j). 

□ 



Lemma 4.3. We will need the following two basic formulas under hyperbolic 
Kàhler-Ricci flow: 
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Corollary 4.4(Ricci curvature). The Ricci curvature satisfies the following in 
a unitary frame: 



d 2 

O^Rij = ^RRfj + Rijk^lk ~ RikRkj - 2 ( gj.9kb Qi^ijk! 
+2%« (|ft>*) s"V V ' 



d d 



Proof. 



dt 2 ij 



kl 



9 n 



+ R. 



kl 

fjkl[ dt2 9 



<; 1 7p "'//■' 

Put the evolutions of RjjM and <7 fe/ in, we get the result. 



Proposition 4.5(Evolution of R). The scalar curvature R evolves by 

d 

3 



dt 2 



i? = Ai? + \R a p\ 2 + A 



di 9 "? 
d 



i 9 9 D 
" ( d~t 9a ^d~t a ? 



dt 



9rs)9 rfh 9 nl 9 k ~ s . 



□ 



Proof. First we have 



^logdet<? = 5 a/3 — ffa/ g, 



1 
di 
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d 2 

^2 logdety 



d 
d 

dì 9 



- f) 2 

5 



Thus 



= -VaV^I ^ log <lrl ,r, j - V M V ,/? + T. V 



^ 5 



So fìnally 



d 2 I d d \ - d 2 ( d 2 

w R = ~ 2 \m 9 ^m R ^/ +9aP W R ^ + [d^ 9a ^ R ^ 



AR + \R a p\ + A 



d 

dt 9«0 



J 9 9 p 
2 \di 9a ^di K ^ 



d \ ( d 



+ 2R ki[ Q- t gnrn\[-Q t grs)g rm g 



rm ni ks 



□ 

Next I present the evolution equations of the Christoffel symbols and the volume 
forni. 



Proposition 4.6. The christoffel symbols and the volume form evolve respectively 



by 



0L\ 
dt 2 



R+[g^ 



d g a p 

dt 



Proof. Recali that 
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1 ^(d 



d 







T lfs - 2 gjS {j^ 9 p s + ~d^ 9aS ~ d¥ 9al3 ) ~ ^d^ 9 ^ 1 



thus 



d (d 



di ^~ 9 d^Kdi 9 ' 3 ' 5 + \di 9 d^ 9 ^ 



d „A d 



So finally in normal coordinate 



7<5 



3 /d 2 



9 2 7 ?\ / d 



The evolution of d[i follows from the quantities 

di l ° gdet9 = 9 di 9 ^ 



and 



<9 2 d - d 

■ det 9*P = —M et 9)- 9 af3 g- t g a p ~ (det 5) 



Sa/3 



+ (det 5 )-^(- J R^). 



□ 



Proposition 4.7(potential of Ricci curvature). On compact Kàhler manifolds, 
the potential f of Ricci curvature {R a p = V a Vg/) satisfies: 



dt 2 



/ = A/ + 



3 



+ c(t). 



Proof. 



d 2 

V a V / 3(i? + 



a2 i? - 



8 



hyperbolic Kàhlcr-Ricci How 



16 



V Q V^( A/ + 



d 

dì 9 



so from the maximum principle of compact manifolds, 



a 2 



d 

dì 9 



+ c(t). 



□ 

By a suitable time-dependent translation of /, we can drop the factor c(t). 
Proposition 4.8. On compact Kàhler manifolds, the evolutions of j M „ Rdfi and 



r are: 



dt 2 



[ Rdfi = [ 



R 



a0 "VaP 

dt 



dg, 



a/3 



dt 



n (JZ Ul 



+2 



M' 



d 



d_ 



dt 2 



r 2 + 



f M n dH 



f M ^d»)(f M Jg^ 



dt 



Proof. Since 



d 2 f f d 2 f d 2 f d d 



dt 2 



M' 



dt 2 



M r ' 



'dt 2 



put the evolutions of R and fi in, we get the result for f Mn Rdfi. 
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Sirice 




put the evolutions of R and \x in, we get the result for r. 

□ 

Remark. In Kahler-Ricci flow, the evolutions of J Mn Rdji and r are 



and 




While in our case, ali the extra terms are of first-order derivatives. 

§5 Further discussions 

The flow considered here is the complex version of the hyperbolic geometrie flow in- 
troduced by Kong and Liu [11]. Kong et al [12] proved that on Riemann surfaces, the 
long time existence of hyperbolic geometrie flow depends on the choice of the initial 
velocity. We can expect that its complex version has similar property. On Calabi- Yau 
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manifolds, the flow can be simplified to a single complex hyperbolic Monge-Ampère 
equation. Note that Yau [19] used the elliptic Monge-Ampère equation to prove the 
famous Calabi's conjecture and Cao [2] used its parabolic version and techniques from 
Kahler-Ricci flow to reprove Calabi's conjecture. I hope the hyperbolic Monge-Ampère 
equation is also powerful to understand Kahler manifolds. We can expect this new flow 
is helpful to study wave phenomena in the nature especially the Einstein equation. In 
the future, we will study several fundamental problems on the hyperbolic Kahler-Ricci 
flow, for example, long-time existence, formation of singularities as well as physical 
applications. 
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